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Abstract 

In this paper we consider two elliptic problems. The first one is a Dirichlet 
problem while the second is Neumann. We extend all the known results con- 
cerning Landesman-Laser conditions by using the Mountain-Pass theorem 
with the Cerami (PS) condition. 1 

1 Introduction 

In this paper using the well-known Mountain-Pass Theorem and Cerami (PS) 
(see [2]) condition we extend all the known results concerning quasilinear elliptic 
problems at resonance satisfying the Landesman-Laser conditions. 

Before we proceed we must state some well-known definitions and facts. Let 
X be a Banach space. We say that a functional I : X — > R satisfies the (PS) C 
condition if for any sequence such that < M and (l + ||tt n |) < I (u n ), </> >— > 

for all cj) 6 X we can show that there exists a convergent subsequence. 

Consider the first eigenvalue Ai of (— A p , W^ ,p (fl)). From Lindqvist [H] we 
know that Ai > is isolated and simple, that is any two solutions u, v of 



—A p u = -div(\\Du\\P- 2 Du) = Ai|w| p - 2 M a.e. on ft 
u \on= 0, 2 < p < oo 



(1) 
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satisfy u = cv for some c 6 1. In addition, the Ai-eigenfunctions do not 
change sign in il. Finally we have the following variational characterization of Ai 
(Rayleigh quotient): 



l l—^:ueW^(n),u^0 



Ai = inf 
We can define 

A2 = inf{A > : A is an eig envalue of (-A p , W 1,p (fi)), A ^ Ai} > X v 

Anane-Tsouli 1 had proved that the second eigenvalue, A2, is equal with A2 and 
has a variational characterization. 

Let us state our first problem. Let fl C H." be a bounded domain with smooth 
enough boundary dfl. The Dirichlet problem is 

-div(\Du{x)f- 2 Du(x)) - \i\u{x)\ p - 2 u{x) = f{x,u{x)) a.e. on fl . . 
U — a.e. on dfl, 2 < p < 00. 

Recently Bouchala-Drabek [3] had considered the above problem and they 
derive via the Saddle-Point Theorem a weak solution when the right-hand side 
satisfies an extended type of Landesman - Laser conditions. Here we extended 
more that conditions by using the following hypotheses. 

H(f) : f : x K — > K is a Caratheodory function. Moreover, 

(i) for almost all x G and all it G R, \f{x,u)\ < a(x)+c 1 \u\ p ~ 1 , a(x) G L°°(Sl); 

(ii) uniformly for all x G fl we have limsup — : — p — < < with 0(x) G 
L°°(r2) and f n 9(x))\ui(x)\ p dx < 0, «i is the first eigenvalue and F(x,u) = 

(iii) uniformly for almost all x G fl we have that 

lim ) ' = 0, 

|«|— >oo \u\P 

moreover, there exists a function h : R + — > M + with the property lim inf /l ^ fc '^' 1 > 
1, h(b n ) — ► 00 when a n — ► a > and fe„ — ► +00 and another function 
fx(x) G with L fi(x)dx > 0, such that 

hmmf — — > /x(x). 

|u|— >oo "(M) 

In order to use the Mountain-Pass Theorem we must define the energy func- 
tional of our problem. Let I : X -> K be such that I(u) = ±\Du\* - ^f\u\ p - 
j^F{x,u{x))dx. It is well-known that I is a C 1 functional and its critical points 
are in fact weak solutions to problem (2). 
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Lemma 1 If hypotheses H(f)(i),(iii) holds, then the energy functional satisfies 
the (PS) C condition. 

Proof: Let X = W^ P (U). Suppose that there exists a sequence {«„} C X 
such that |I(ttn)| < M and 

<l'(u n ),4>><e n -M^ . (3) 

Suppose that ||u n ||i lP — > oo. Let y n (x) = ii^jl ■ 
From the first inequality we have 

\-\\Du n \\P - —\\u n \\P - f F(x,u n (x))dx\ < M. (4) 
P P Ja 

From H(f)(iii) we know that limi^^oo F ^\p* > = 0. It is easy to see that also 

]• f F(x,u(x)) , _ n 

um rwoo j n j^r- ux — u. 

Dividing this inequality with (ttn.fi p and using H(f)(iii) we arrive to the 
conclusion that ||-Dy||p < |Dj/ n | p — > Ai||y| p . So using the uniform convexity we 
arrive at the conclusion that y n — > y strongly in X and that y = u\ (x) . Note that 
|j/n|i,p = 1- So we can say that u„(x)| — > oo. 

Choosing now <p — u n in (3) and substituting with (4) we arrive at 

-M-e n - < [ (pF(x,u n (x))-f(x,u n (x))u n (x))dx<M + e n: 



Dividing now the last inequality with /i(||u n |i,p) we obtain 

-M - e n i[(uXi,p < /" P-F(a:,u n (a:)) - f(x,u n (x))u n (x) h(\y n (x)\\\u n \\i tP ) ^ < 
MIWIi.p) ~ Jn h(\u n (x)\) Hhn\\l,p) 

M + g re i fr l V 

"l+|"Ti||l,p 

MIKIkp) 

From this we can see that 

liminf , P-F(x,u»(x)) - f(x,u n (x))u n (x) h(\y n (x)\\u n \\ hp ) < 



/i(|w n (x)|) MlWkp) 

Using lemma Fatou and H(f)(iii) we obtain the contradiction. That is u n is 
bounded. Using well-known arguments we can also show that in fact u n has a 
strongly convergent subsequence (see 

QED 

Lemma 2 If H(f) holds, then there exists some p, a > such that for all u G 
W„' p (ri) with \u\x,p — p we have I(u) > a > 0. 
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Proof: Wc shall show that there exists p > such that I(u) > a > with 
||u||i lP = p. To this end, we'll show that for every sequence {u„}„>i C W} ,p with 
||w n || = p n — ► we have I(u n ) { 0. Suppose that it is not true. Then there exists a 
sequence as above such that I(u n ) < 0. Since |tt n |i iP — > we have u n (x) — ► a.e. 
on il. 

So we have 

||Du n ||P - Ai||ti n ||^ < pF(x,u n (x))dx. (5) 
Jn 

Let y n (x) = |""|^ . Also, from H(f)(ii) we have uniformly for all x e O that 
for all e > we can find 5 > such that for \u\ < 5 we have 

pF(x,u) < 6{x)\u\ p + e\u\ p . 

On the other hand from hypothesis H(f)(i) we have that there exists some 
ci, C2 such that pF(x, u) < ci\u\ p + C2\u\ p +p\u\ for almost all x G 17 and all «eR. 
Thus we can always find some 7 > such that pF(x, u) < (9(x) + e)\u\ p + j\u\ p . 
Indeed, choose 7 > \a - 6(x) - e\\S\ p ~ p * + c 2 +p\5\ 1 - p *. 

Then we obtain, 

\\Du n \\ p p - X^i; < f (6(x)+e)\u n (x)\ p dx + 1 f \u n {x)f dx. (6) 
Jn Jn 

Dividing inequality (6) with ||u n ||i pJ w e have 

f f \u (x)\ p *dx 

\Dy n \ p -Xi\y n \ p p < / (6(x)+e)\y n (x)\ p dx + 7 Jn \ n \" < 

Jn \\un\\i P 

4yn\\ P p + ll\\Un\\f~ P , 

recall that W^' p (il) is continuously embedded on L p (ft). 

Using the variational characterization of the first eigenvalue we have that 

0<|Dtf„|P-Ai|y n |P< / e\y n (x)\ p dx + 11 \\u n lf- p . (7) 
Jn 

Recall that \\y n \\ = 1 so y n — > y weakly in Wg' p (Q), y n (x) — > y(x) a.e. on 
fi. Thus, from inequality (7) we have that ||-D?/n|| — > Ai || . Also, from the weak 
lower semicontinuity of the norm we have \\Dy\\ < liminf |_Dy„| — > Ai||j/||. Using 
the variational characterization of the first eigenvalue we have that \\Dy\\ = Aifyf. 
Recall that y n — > y weakly in W^ ,p (fl) and ||-Dt/ n || — > |-Dy|. So, from the Kadec- 
Klee property we obtain y„ — > y in PUo' p (fi) and since ||j/„|| = 1 we have that ||y|| = 
1. That is, y ^ and from the equality \\Dy\\ = Xi\\y\\ we have that y(x) = m(x). 

Dividing now (6) with \\u n \\ p p and using the variational characterization of 
the first eigenvalue we have, that for every e > there exists some n such that 
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for n > n we have 

hp* — p 



< / (0(x) + e)\y n (x)\ p dx + 7i|Klf ~ 
Jn 



So in the limit we obtain 

> / (—9(x))\ui(x)\ p dx for every e > 0. 
Jn 

So this is a contradiction. So there exists p > such that I(u) > a > for 
all u G W^ft) with H|i.p = p. 

QED 

Lemma 3 If hypotheses H(f) holds, then there exists some e G VF 1,P (S!) with 
1(e) < 0. 

Proof: We will show that there exists some a G R such that 7(a|ui|) < 0. 
Suppose that this is not the case. Then there exists a sequence a n G R with 
a n — » oo and 7(a„|ui|) > c > 0. 

We can easily see that 

F(x,u) * pF(x,u) — f(x,u)u pF(x,u) — f(x,u)u h(\u\) 
^ up ' ~ uP+i _ h(\u\) uP +1 

/ / \ N 1 u(x) — e , 1 ,/ 

> (n(x) - £ — T = — , 

- > > u p+l p v uP j 

for big enough net. 
We can say then 



Jt ^ ~ J t p vP> 



Take now s — > oo and using 77(/)(m) we obtain 

F(x,t)>^, 

for big enough ( 6 K. From this we obtain 

limsup/(a„|ui|) > liminf 7(a„|iti|) > 



a n ^oo 



limsup / —F(x,a n \ui(x)\)dx>0 
-p(x) 



I 

Jn 



dx > 0. 



In P 

Then using 77(/)(m) we obtain the contradiction. 



QED 



The existence of the nontrivial solution follows from the Mountain-Pass The- 
orem. 
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2 Neumann Problems 

Let X = W 1,p (fl). Before we start let us mention some facts. It is well-known that 
= R®W with W = {u G X : J n u(a;)da; = 0}. We introduce the following 

number, 

Ai = mf{— — ^ iwe^w^O}. 
Hp 

From Papalini jjj we know that Ai > and if w G W is such that \w\ p — 
1, |-Dw|p = Ai then u> is an eigenunction of the following problem, 

-div{\Du{x)\\P- 2 Du(x)) = Xi\u(x)\ p - 2 u(x) a.e. on Q 
-du_ = o a.e. on SO, 2<p< oo. 

Now we are ready to state our second problem. 

The problem under consideration is the following: 

-div(\Du(x)\ p - 2 Du(x)) = f(x,u(x)) a.e. on 

= g( x ,u(x)) a.e. on dn, 2 < p < oo. ( 9 ) 

Let us state the hypotheses on the data. Set F(x, u) = J" f(x, r)dr, G(x, u) = 
So9(x,r)dr. 

H(f,g) : /, g : x R — > R are Caratheodory functions. Moreover, 

(i) for almost all a; G f2 and all u G R, \f(x,u)\ < a(x) + ci|u| p_1 , |</(x, u)| < 
a(x) + Cl \u\P-\ a(x) G L°°(n); 

j) Fix u ) 

(ii) uniformly for all x G we have limsup — ; — p — < 6(x) < Ai with 6{x) G 

u^o \u\P 

L°°(n) and J n (Ai - 0(x))Kx)| p d:E > 0, lini|„ Ho ^j? 1 = for any w G W 
an eigenfunction to Ai. 

Finally, we have the following hypothesis, 

H(fg): uniformly for almost all x G fi we have that 

Fix.u) „ G(x,u) 
lim ; = 0, lim ; = 0, 

|ii|->oo |u|P |u|-»oo |ti|P 

and suppose that there is a function h : M + — > M + with the property lim inf ^fepj^ > 
1, h(b n ) — * oo when a n — > a > and 6 n — > +oo such that 

. pF(x,u) - f(x,u)u 
hminf — — > 

|u|— >ao "-(M) 

. , pG(x,u) - g(x,u)u 
hminf — — > 

|«|— »oo "(M) 
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with fi,h E L°°(Q) and f n fj,(x)dx > J dn h(x)da. 

Let us state the energy functional. Let <j>(u) = — J n F(x,u(x))dx, = 
Ian ^( x ' u )d& and tp(u) — ^\\Du\\p. Then our energy functional is I = tp + T + 
and is easy to check that is a C 1 functional and its critical points are in fact weak 
solutions to problem (9). 

Lemma 4 If Hypotheses H(f,g),H(fg) holds, then I : W 1 ^ — > M satisfies the 
(PS) C condition. 

Proof: 

Let {u n } Clbe such that |/(u„)| <IeI and 

< l'(u n ), </> > | < g , for all ^el, e„ - 0. 

1 + ||Wn||l,p 



Suppose that u n is unbounded. Then, at least for a subsequence, we can say that 
Nnli p — * 00 • Let y n (x) — ii"",^ ■ Then it is easy to see that y n — > y weakly in X 
and strongly in L P {£1). From the choice of the sequence we obtain 

|-||Dti n ||£ - / F(x,u n (x))dx + I G(x,u n (x))da\ < M, for some M > 0. (10) 
P Jn Jon 

Dividing this inequality with |u„|f we arrive at 

,l|, n up f F{x,u n {x)) f G(x,u n (x)) 

\-\\ D Vn\ P p- / — i — p> dx+ / — — -p da\<M. 

P P Jn \\un\i tP Jon IM|i,p 

Using now H(fg) we obtain ||-Dy||£ = 0. From this we obtain that y = £ ^ 0. 
Thus, we obtain |u n (x)| — > oo. 
Also we know that 

|</K),0>|< £ „: IHkp 



' 1 + IW|i,p 

Choosing <p = u n we arrive at 

ll^nllp- [ f(x,u n (x))u n (x)dx+ [ g(x,u n (x))u n (x)da\ <e n - j^p^f -(H) 

Jan 1 + |pn||i,p 

Substituting (10) and (11) we obtain 

_ M _ e IKjkg < 

i i ii ii — 

/ (pF(x,u n (x))-f(x,u n (x))u n (x))dx- / pG(a;,u n (a;)) - g(x,u n (x))u n (x)da < 
Jn Jon 

M\\u n l p 
+ e "TTl — « ' 

1 + I«n|l,p 
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Divide the last inequality with ft.(|M n |i,p) and using H(fg) we arrive at a 
contradiction as before. So u n is bounded. In order to show that has a strongly 
convergent subsequence we proceed by using well-known arguments (see 

QED 



Lemma 5 If hypotheses H(f,g),H(fg) holds, then there exists some e G M. such 
that 1(e) < 0. 

Proof: In fact we are going to prove that there exists some agl big enough 
such that 1(a) < 0. Suppose that this is not the case. Then there exists a sequence 
a n G K with a n — > +oo and I(a n ) > c > 0. Using the same arguments as before 
we can arrive at a contradiction. 

QED 

Lemma 6 If H(f,g) 1 H(fg) holds, then there exists some p > such that for all 
u G W with |u|i )P = p we have that I(u) > n > 0. 

Proof: Suppose that this is not true. Then there exists a sequence {u n } C W 
such as |itn|i,p = p n with p n — > 0, with the property that I(u n ) < 0. So we arrive 
at 

\\Du n \\P<p F(x,u n (x))dx - p G(x,u n (x))da. 
Jn Jan 

Let y n (x) = h""!^ . We can prove that there exists 7 > such that 

II "Tl || 1 ,p 

P F(x, u) < (6(x) + e)\u\ p + -f\u\ p ' 
Take in account the last estimation and dividing with |un|i p we arrive at 

XxlVnll ^ W D ynl P p < I (0(x)+e)\y n (x)\Pdx + ll \\u n \\P;-P-p f G{ ^} x)) da. 

Jn Jan \\ u nh !P 

Recall that y n — > y strongly in L p (fi). Using the lower semicontinuity of the 
norm we arrive at ||-D?/||p = Ai||y|| p . Note that y n — > y weakly in X and recall 
that ||Z?j/ n |p — > Ai||y||p — Then from the uniform convexity of X we have 

y n — » y strongly in X and y ^ 0. Thus y G W is an eigenfunction of (— A p , W). 
Then arguing as before we get the contradiction. 

QED 

Then the existence of a nontrivial solution for problem (9) follows from a 
variant of Mountain-Pass Theorem (see Struwe [S], Thm. 8.4 and Example 8.2, or 
Thm. 2.3 and Prop. 2.1). It is clear that we also extend the recently results of 
Tang 9 for Neumann problems. 

Remark 1 Take for example f(u) = ^q-j- + cu, c G R and p = 2. Then it is easy 
to check that 2F(u) - f(u)u = ln(u + l) 2 - 

It is easy to see that h(u) = Inu satisfies all the conditions and thus it is clear 
that the above results extend all the known results (see for example 
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